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In this article we show that for each genus g*4, the mapping class group Mod
g
, contains a subgroup isomorphic
to the fundamental group of a closed orientable surface of some genus ’2. ( 1998 Elsevier Science Ltd. All rights
reserved.
INTRODUCTION
A problem of broad interest in topology is to understand the influence of geometric
properties of a manifold on the fundamental group; for instance, what are the classes of
group that can occur as the fundamental group of a compact complex manifold, a complete
Ka¨hler manifold or a projective algebraic one? In dimension 1, of course, the answer is well
known: the fundamental group is determined by the classification of orientable closed
surfaces, and from classical uniformisation theory or the elementary construction of double
coverings of the sphere one sees that the various geometric requirements are no restriction
and every closed orientable topological surface supports a structure of complex projective
curve with complete Ka¨hler metric. In higher dimensions any finitely presented group
is a candidate and the situation is rather involved; see, for instance, the discussion
in [10].
One way to build complex analytic manifolds in higher dimensions which retains
control of the fundamental group is to employ constructions such as direct product or
smooth (holomorphic) fibration over one Riemann surface X
0
with surfaces (of fixed genus
g) as fibre; the fundamental group of the resulting total space is then part of the (in this case,
short) exact homotopy sequence of the fibration:
1Pn
1
(F
g
)Pn
1
(E)Pn
1
(X
0
)P1.
Such extensions are determined abstractly by representations of the (quotient) group
n
1
(X
0
) in the outer automorphism group Autn
1
(F
g
)/Innn
1
(F
'
) of the fibre subgroup, ob-
tained via the conjugation action of the group n
1
(E) on the kernel. A natural question here,
posed originally by F.E.A. Johnson as part of a project to study groups satisfying general-
ised Poincare´ duality and manifolds covered by Euclidean space, is to characterise those
group extensions which are geometrically realised by a smooth manifold and, amongst
them, those which actually possess a holomorphic (or some other geometric) structure.
In an earlier paper we constructed explicit examples of compact complex 2-manifolds
represented as holomorphic families of Riemann surfaces which can have any given fibre
genus g*4; a more restricted, but related, geometric construction of surface families was
given much earlier [1, 11]. However, the nature of the monodromy groups in these
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examples remains obscure at present. Our intention here is to provide a broad class of
examples of topologically defined surface families, again with fibre genus taking any value
g*4, where the monodromy can be precisely described. To do this we first specify
a continuous fibration by genus 2 surfaces with 2r*2 distinguished points and whose
monodromy, lying in a particular well-behaved subgroup of the mapping class group
Mod
2,2r
, is determined by purely topological data. A lifting process then gives the genus
g"3#r fibration.
The paper is organized in the following way.
In Section 1 we set out the relevant definitions and notation.
In Section 2 we construct, for each r’3, continuous mappings / : SPM163%
2,23
from
a particular surface of genus two S into the pure Hurwitz quotient of the Teichmu¨ller
moduli space representing Riemann surfaces of genus two with 2r (ordered) distinguished
points M163%
2,2r
.
In Section 3 we prove that the group homomorphism /
*
: n
1
(S)Pn
1
(M163%
2,2r
) induced by
the map / is injective, thereby providing a surface group inside the fundamental group of
M163%
2,2r
which can be identified with a certain subgroup of the mapping class group of the
surface S with 2r punctures (or distinguished points), Mod
2,2r
. It turns out that this
subgroup /
*
(n
1
(S)) is generated by spin mappings, a special kind of self-homeomorphism of
a punctured surface introduced by Birman [2].
The construction is completed in Section 4: by lifting the mapping classes of S lying in
a suitable finite index subgroup of /
*
(n
1
(S)) to mappings of a surface SI of genus g which is
a double cover of S ramified over the 2r distinguished points, we obtain the desired
examples of surface group inside Mod
g
as the monodromy image of this family.
Section 5 contains some comments and potential developments.
1. BACKGROUND
Let S be a compact Riemann surface of genus 2, and let p :SI PS be a ramified double
covering. This implies that the Riemann surface SI admits an involution automorhism q such
that the projection map p identifies the quotient SI /SqT to S; if the number of fixed points is n,
so that the projection p has n branch points P
1
,2 , Pn3S, then the genus of SI is given by the
Riemann-Hurwitz branching formula
g"3#n/2.
Note that, in particular, n"2r must be an even number.
1.1.
Associated with this covering of surfaces we have the following mapping class (or
Teichmu¨ller modular) groups.
f Mod
2,n
, the mapping class group of the surface S with distinguished points P
1
,2, Pn.
f P
2,n
, the pure modular group, consisting of the mapping classes in Mod
2,n
that preserve
each distinguished point P
i
, i"1,2, n.
f Mod
g
, the mapping class group of the surface SI .
f Mod
g
(q), the relative modular group, consisting of those mapping classes f3Mod
g
which are q-equivariant: namely, they satisfy the identity
f ° q ° f~1"q
up to homotopy.
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f P
g
(q), the pure relative modular group: this is the subgroup of Mod
g
(q) comprising the
q-equivariant mapping classes that preserve each fixed point of q, p~1(P
i
) ,
i"1,2 , 2r.
We note that the index ofP
2,n
in Mod
2,n
is n!. Similarly, the index ofP
g
(q) in Mod
g
(q) is at
most (2r)!.
It is known (see [6, p.509]) that the rule associating to each q-equivariant homeomor-
phism h of SI the homeomorphism hM of S induced by h determines a group homomorphism
b : Mod
g
(q)P Mod
2,2r
and there is a companion homomorphism (restriction of b)
b
1
:P
g
(q)PP
2,2r
.
Furthermore, The kernel of b is the cyclic subgroup of order two generated by the
automorphism q, viewed here as representing a mapping class of the surface SI , and the
image of b is a subgroup of finite index in Mod
2,2r
.
Later on, we shall make use of the modular subgroup which corresponds to the
symplectic congruence subgroup of level 2:-
f Mod
g
[2] is the subgroup of Mod
g
consisting of the mapping classes f3Mod
g
whose
induced action on the homology of SI modulo 2, f
*
:H
1
(SI , Z
2
)PH
1
(SI , Z
2
) , is the
identity.
This is a normal subgroup of Mod
g
of index 22g enjoying the property that, by a theorem
of Serre (which appears in a section of the Cartan—Grothendieck Seminar, „echniques de
construction en Ge´ome´trie Analytique, 1960—61 — see, for instance, [3, Corollary 3]), the
torsion in Mod
g
[2] is generated by the (mapping class of the) hyperelliptic involution of S.
Because of our construction of q, we may deduce the following fact.
PROPOSITION 1.1. „he group homomorphism
b
2
:P
g
(q)WMod
g
[2]PP
2,2r
defined by restriction of this morphism b is injective.
Proof. Ker(b
2
)LKer(b
1
)WMod
g
[2] and Ker (b
1
)"SqT. But qNMod
g
[2] by Serre’s
lemma, since q cannot induce (topologically) the hyperelliptic involution of SI : this is inferred
either from the fact that q has 2r(2g#2 fixpoints or from the fact that S"SI /SqT is not
the Riemann sphere. K
1.2.
Together with the various modular groups we have corresponding moduli spaces. These
are complex analytic spaces (V-manifolds) obtained by letting the modular groups act on
the appropriate Teichmu¨ller spaces; in the two cases needed here, they are „
g
, the Teichmu¨l-
ler space of the surface of genus g, and „
2,n
, the Teichmu¨ller space of the surface of genus 2
with n distinguished points (for a detailed account see, for instance [13]).
Of particular importance for our purposes will be a certain finite covering, the pure
moduli space
M163%
2,n
"„
2,n
/P
2,n
.
We regard „
2,n
as the Teichmu¨ller space of the reference surface S with the distinguished
points P
1
,2 , Pn. Recall that a point „2,n is an equivalence class of triples
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[h, X,MQ
1
,2, QnN], where h :SPX is a marking homeomorphism sending Pi to Qi ,
i"1,2 , n, and two marked triples
(h, x,MQ
1
,2 , QnN]), (h@, X@,MQ@1,2 , Q@nN)
are equivalent iff there is a biholomorphic map p :XPX@ with p (Q
i
)"Q@
i
, such that
(p ° h)~1 ° h@ is isotopic to the identity via an isotopy fixing each point Pi .
The group P
2,n
operates on „
2,n
by the rule
P
2,n
]„
2,n
P„
2,n
( f,[h, X, (Q
1
,2 , Qn]N)Â [h ° f, X,[Q1,2 , QnN].
Next, we observe that the (pure modular) quotientM163%
2,n
serves as a parameter space for
the set of pairs
(X, MQ
1
,2 , QnN)
consisting of a Riemann surface X of genus two and an ordered set of n distinct points
MQ
1
,2 , QnN, modulo the equivalence relation which identifies two such pairs
(X, MQ
1
,2, QnN) , (X@, MQ@1,2 , Q@nN)
if and only if there is a biholomorphic p :XPX@ such that p (Q
i
)"Q@
i
for each i"1,2 , n.
This fact is explained more fully in [5]. We denote by [X, MQ
1
,2, QnN] the equivalence
class of the pair (X,MQ
1
,2 , QnN).
1.3.
As a final ingredient we record a further standard fact from Teichmu¨ller theory.
PROPOSITION 1.2. ‚et Sn be the n-fold direct product of S viewed as ordered n-tuples of
points of S and let * be the diagonal subset where some pair of points P
i
, P
j
coincide. „hen the
natural map on distinct n-tuples
j :SnC*PM163%
2,n
(P
1
,2 , Pn)P[S,MP1,2 , PnN]
is holomorphic.
For a proof of this result, which follows from the Bers theory of fibre spaces over moduli
space, see for instance, [13, p. 528].
2. A CLOSED SURFACE IN GENUS 2 CONFIGURATION SPACES
In this section we define for each n’0 a continuous mapping from a surface of genus
two to the moduli space M163%
2,n
.
PROPOSITION 2.1. ‚et S be a compact genus two Riemann surface, and let f
i
:SPS
(i"2,2, n) be continuous maps satisfying the following conditions:
(i) none of the maps f
i
(i"2,2, n) has any fixed points;
(ii) if iOj, then f
i
(P)Of
j
(P) for every point P3S.
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Fig. 1. The surface S.
„hen the rule /(P)"[S,MP, f
2
(P),2 , fn(P)N] defines a continuous mapping from the surface
S into the moduli space M
2,n
.
Proof. Observe that the conditions (i) and (ii) ensure that for any P3S, the n-tuple
u(P)"(P, f
2
(P),2 , fn(P)) lies in SnC*. But the map / is obtained by composing the conti-
nuous injection u with the natural holomorphic map j :SnC*PM163%
2,n
introduced in
Section 1.3. K
Note. The mappings u, /"j ° u can be defined more generally for ramified coverings of
surfaces. Although u is always injective, / will not necessarily be injective.
We proceed to construct maps f
2
,2, fn as prescribed in the above proposition. For this
purpose it is convenient to represent S as a surface inside Euclidean 3-space which is
symmetric with respect to the (x, y)-plane, i.e. invariant under the reflection involution
J(x, y, z)"(x, y,!z). In this way, S can be viewed as the union of two symmetric one-holed
tori S`"SWMz*0N and S~"J (S`) glued together along the J-invariant curve
SWMz"0N. We denote by c the central ‘‘core’’ latitude curve of S`, given as the subset
M(t, h)Dt"0N for some parametrization of the (filled-in) torus by the square 0)t, h)2n;
for our purposes a suitable model of the (upper-half ) torus S` may be taken as part of
a rotationally symmetric torus in 3-space with c as a (Euclidean) circle in the vertical
(y, z)-plane preserved by the rotation (see Fig. 1).
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The mappings we shall use will be given as compositions of the elementary continuous
self-mappings F of S, G of S` and Rh of c defined as follows.
(1) Let
F"G
identity on S`
J on S~.
Thus the image of F lies on S`.
(2) Let G be the projection map from the one-holed torus S` to its core circle c given by
(t, h)Â (0, h), sending points along their longitude circles.
(3) Rh denotes rotation of the Euclidean circle c through angle h in the positive sense
defined by the parametrisation.
LEMMA 2.2. For any choice of n!1 pairwise distinct nonzero angles h
2
,2 , hn, the
continuous maps f
i
"Rhi ° G ° F from S to c satisfy conditions (i) and (ii) of the above
Proposition 2.1.
Proof. (i) f
i
(P)"P can only occur when P3c. But for points on c, each f
i
acts as
a nonzero rotation.
(ii) This condition also holds trivially, because each pair f
i
and f
j
differ by a nontrivial
rotation. K
This completes the construction of the mappings / on S.
3. THE MONODROMY HOMOMORPHISM
We study now the homotopical monodromy of the maps
/ :SPM163%
2,n
"„
2,n
/P
2,n
defined in the previous section for each integer n’6. More precisely, we consider the
homomorphism between fundamental groups
/
*
:n
1
(S)Pn
1
(M163%
2,n
)
induced by /. We show that this morphism is injective by first introducing a certain class of
loops in S, termed clean, for which the image is a product of so-called spins which acts
nontrivially as an element of Mod
2,n
on the Teichmu¨ller space „
2,n
, and then using
elementary facts about the surface fundamental group to extend the nontriviality of the
image to every (nonconstant) path class in n
1
(S).
3.1.
The first point to note is that the monodromy image is part of a free discontinuous
action on the Teichmu¨ller space.
PROPOSITION 3.1. If n’6, the groupP
2,n
acts freely on „
2,n
and hence is identifiable with
the fundamental group of the quotient configuration manifold M163%
2,n
.
Proof. Let f3P
2,n
be a mapping class which fixes a point of „
2,n
, and denote by
[X,MQ
1
,2, QnN] the projection inM2,n of this fixed point of f. It is a direct consequence of
the definitions and formalism of Teichmu¨ller theory that f can be realized as a conformal
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Fig. 2. Cylinder N.
automorphism of the Riemann surface X which fixes the points Q
1
,2 , Qn. But, by
a theorem of Hurwitz, no automorphism of a compact surface of genus g*2 different from
the identity can fix more than 2g#2 points and we have assumed n’6. This contradiction
concludes the proof. K
3.2.
We next recall the definition of a special type of homeomorphism of an orientable
surface, known as a spin mapping; this is needed in order to describe the image of /
*
inP
2,q .
Let c be a simple closed curve on S. Let N be a collar neighbourhood of c parametrised
by cylindrical coordinates (y, h), !1)y)1, 0)h)2n, in such a way that c corresponds
to the central curve with equation y"0. For each t in 0)t)1, we define a map ht :NPN
by the rule ht(y, h)"(y, h#2nt(1!y2)). Observe that for each t, this map is the identity on
the two boundary components of N, and so may be extended using the identity map on the
set S!N to a self-homeomorphism of S.
For t"0 the homeomorphism h0 is simply the identity map but the homeomorphism
h1"hc obtained when t"1 is more interesting. In order to describe this, we split the
annular region N along c into two nonoverlapping annular regions N@ and N@@, correspond-
ing, respectively, to negative and positive values of the y parameter, so that each part has
c as one boundary curve. Now, denote by c@ (resp. cA) the curve parametrised by y"!1J2
(resp. y"1/J2), so that N@ (resp. N@@) is a collar neighbourhood of c@ (respectively c@@); see
Fig. 2.
The homeomorphism hc leaves the curve c pointwise invariant, while its restriction to the
curves c@ and c@@ is given by hc(h)"h#n. We deduce that hc is homotopic to the
composition of a Dehn twist around c@ and the inverse of a Dehn twist around c@@; this
homeomorphism of S is what Birman [2] calls a spin map along the curve c. Of course, hc is
homotopic to the identity on S—the continuous family of mappings ht provides a triviallis-
ing isotopy—but it is no longer trivial when viewed on the surface S with a point P on the
curve c deleted or fixed. To see this, let P be the point with coordinates y"0, h"0 and
consider the effect of hc on the closed path dP in N consisting of a straight-line segment
along h"0 from the point Q with coordinates y"!1, h"0 to y"!e(0, followed by
a (small radius) counterclockwise-oriented circle around P and returning to Q along the first
line segment (see Fig. 3). It is easily checked that hc transforms dP into a curve homotopic in
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Fig. 3. Spin h
r
N!MPN to the product path c@ ) d
P
) c1 @, where c1 @ denotes the reverse path to c@. One may
compare this with the description in [2], for instance.
Now, let a
6
(h) h3[0, 2n], be a continuous path in SnC*, and let a
i
, i"1,2 , n, be the
paths in S obtained by applying to a
6
the ith projection p
i
:SnPS. For each t in 0)t)1 we
denote by ht
i
the homeomorphism of S resulting from the spinning construction along
c"a
i
; note that for this to make sense we need to assume here that each nontrivial loop a
i
is
simple. We observe that the result of spinning along a general path is not defined.
LEMMA 3.2. (i) ‚et a
i
, i"1,2, n be mutually disjoint simple loops in the surface S. „hen
the rule
p (t)" [ht
n °
2° ht1, (S,Ma1(2nt),2, an(2nt)N)]
defines a continuous lift to „
2,n
of the path j ° aN
(2nt) , 0)t)1, in M163%
2,n
.
(ii) Assume that k loops a
1
,2 , ak , k(n are disjoint and that each further loop ai,
i"k#1,2 , n, is either trivial (constant) or obtained by rotating one of the first k loops, so
that in polar coordinates we have a
i
(h)"a
j
(h#h
j
) for some index j)k and some fixed angle
h
j
O0. „hen
p(t)"[ht
k °
2° ht1, (S,Ma1(2nt),2 , an (2nt)N)]
is a continuous lift to „
2,n
of j ° a
6
(2nt) for 0)t)1.
Proof. Observe that in both cases (i) and (ii), p(t) is a lift of j ° a
6
(2nt). Thus, we need only
show that p (t) is a continuous map. By the local structure of Teichmu¨ller space, this means
(writing ht for the composition of ht
j
’s) that the Beltrami (!1, 1)-tensor k
t
(z)"L
z6
ht/L
z
ht on
the Riemann surface S is to vary continuously with t in 0)t)1 (see, for instance, [13]).
But this follows immediately because each spin map ht
i
(y, h) is differentiable with respect to
the variables t, y, h for all points outside the negligible set (of measure zero on S) consisting
of the two boundary curves of the chosen collar neighbourhood N
i
of the curve a
i
. A direct
topological argument is also possible. K
3.3.
Our purpose in this next section is twofold: to show that the /
*
-images of standard
generating loops of n
1
(S) are compositions of spins, and then to derive for a general loop
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a the effect of the image /
*
(a) on a particular element of the fundamental group of the
punctured surface. In each case it will follow that the resulting mapping class in P
2,n
is
nontrivial, so that the morphism /
*
is consequently injective.
Continuing with the above assumptions, we denote by n
1
(S) the fundamental group of
S with base point P
1
and we identifyP
2,n
as the fundamental group ofM163%
2,n
with base point
[id,(S,MP
1
,2, PnN], and with (P1,2, Pn)"u(P1).
The homomorphism on n
1
(S) induced by the homeomorphism / can now be described
in reasonably precise form for simple generating loops of n
1
(S). We look first at loops a in
S for which the image loop u (a) in SnC* under the mapping of Section 2 satisfies either form
of the criteria in Lemma 3.2.
Definition. A simple loop a in the surface S is called clean (with respect to the mapping
u) if for some integer k, the first k component loops a
j
"p
j °
u (a), j"1,2 , k are disjoint
and each a
i
for i’k is either a constant path or a rotation of some a
j
, j)k.
Note. Because of the definition of u, the first component a
1
is just the loop a.
Let a
1
, b
1
, a
2
, b
2
be the specific choice of simple loops in S depicted in Fig. 1, which
determine a canonical generating set of n
1
(S, P
1
).
PROPOSITION 3.3. Each loop in the canonical generating set of n
1
(S) is clean for the map u.
Proof. Let c be a typical generating loop. By the definition of u, the component loops c
j
,
j"2,2 , n of u(c) are all rotations of a closed loop supported on the core circle c. It is
sufficient to check for each of the four generators c that c
1
"c is disjoint from c
j
, j’1.
For each generator c one varifies directly, referring to the diagram (Fig. 1), that the
component curves of c
1
,2, cn are as follows:
(c"a
1
) (a
1
, Rh2 (c),2, Rhn(c))
(c"b
1
) (b
1
, Rh2 (Q1),2 , Rhr (Q1))
(c"a
2
) (a
2
, Rh2 (cN ),2, Rhr (cN ))
(c"b
2
) (b
2
, Rh2 (Q1),2 , Rhr (Q1))
where Q
1
is the point at which the curves c and b
1
intersect (see Fig. 1), cN denotes the reverse
path along curve c and Rhi is the rotation with angle hi on the circle c; of course, the single
points correspond to constant component paths. Each of these generating loops is therefore
clean. K
We employ our earlier description of spin mappings now to express the image mapping
class (for an arbitrary clean loop) on the punctured surface S*"SCMP
1
,2, PnN as a product
of spins, demonstrably nontrivial in its effect on n
1
(S*).
PROPOSITION 3.4. (a) „he homomorphism /
*
:n
1
(S)Pn
1
(M163%
2,n
) sends each homotopy
class of clean simple loop a to the mapping (class) fa :"hak °2 ° ha0 .
(b) ‚et a be a clean simple loop in S. Choose a base point S* on the boundary of a collar
neighbourhood N of a and consider a loop d
P1
based at Q winding once around P
1
in the
Q-component N@ of NCa. „he mapping fa sends dP1 into a loop homotopic to ja ) dP1 ) j1 a in S*,
where ja is a loop in N@ based at Q and homotopic to a.
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Proof. The statement (a) simply expresses the way in which these elements of n
1
(M163%
2,n
)
act within the group P
2,n
of covering transformations of „
2,n
by covering space theory
(Proposition 3.1): incidentally, because the loops a
j
are disjoint, the spins haj commute.
Part (b) follows from a combination of two observations: first we see that the mapping
class fa , when restricted to the neighbourhood N of the curve a1"a, agrees with the spin
mapping ha and we then transcribe the description in Section 3.2 of how a spin map acts
on the loop d
P
in n
1
(N!MPN), writing ja for the earlier parallel loop to a in N@ with
symbol a@. K
Remark. We emphasize that each ‘‘clean’’ mapping class on the punctured surface S*
obtained in 3.4(b) is nontrivial since the loops ja and dP1 are independent in the rank 2
free subgroup n
1
(N!P
1
) of n
1
(S*).
For 1)s)n we denote by ‚s
n
:P
2,n
PP
2,s
the group homomorphism obtained by
forgetting the last n!s distinguished points P
s`1
,2 , Pn (see Section 2).
The main result of this section, Theorem 3.6 below, asserts that for each / the
composition homomorphism
‚1
n °
/
*
:n
1
(S)PP
2,1
is injective. Notice that it follows at once from the above remark that the image of any
mapping class obtained from a clean loop in S is nontrivial. To verify this for a general loop
a, we shall express it as a product of loops in the canonical basis (up to homotopy) and then
use induction to calculate the effect on an appropriately based d
P
-loop.
Let a be a reduced word in the alphabet set consisting of generating loops a
1
, b
1
, a
2
, b
2
and their inverses. We shall compute the effect of fa3P2,n on a loop dP1 based at Q, a point in
the complement of the generating loops; for the purposes of visualization (and explicit
construction of loops, mapping, homotopies, etc.) one may place Q at the centre of an
octagonal fundamental domain obtained by cutting S open along the generating loops, with
P
1
represented as the set of vertices of this domain.
LEMMA 3.5. „here is a loop ja based at Q in the punctured surface S*, freely homotopic to
a in S, such that fa(dP1) is homotopic to the product path ja ) dP1 ) ja.
Proof. Let a"b ) c with b3X and c another word in the alphabet X. The action of
P
2,n
on „
2,n
is by cover transformations, on the left (see Section 1.2), which means that
fa"fc ° fb. Therefore, we have
fa(dP1)"fc ° fb(dP1)"fc(jb ) dP1 ) jb )
following Proposition 3.3(b), with jb a path at Q homotopic to b and equality meaning up to
homotopy in S* rel. Q.
We use induction on the length of the reduced word for a to complete the argument. The
inductive hypothesis is that the statement of the lemma holds for all reduced word of length
at most m in the generating loop set X This is valid for m"1 by Proposition 3.3(b). Let
a"b ) c as before have length m#1 with c of length m. It follows as above that
fa(dP1)"fc(jb ) dP1 )jb )N"fc(jb) ) fc(dP1) ) fc(jb)
"fc(jb) ) (jc ) dP1 ) jc) ) fc(jb)
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using the inductive hypothesis and Proposition 3.4(b). But this product path is, up to
homotopy in S*, of the form j ) d
P1
) j1 , where j"fc(jb) ) jc. Now, invoking the second part of
the inductive hypothesis, jc is freely homotopic in S to c. Since fc is a product of disjoint spin
mappings — which is therefore homotopic to the identity on the closed surface — it follows
that fc (jb) is freely homotopic to jb and so to b. Hence, the product of the two paths is freely
homotopic in S to b ) c as required. The hypothesis follows for the integer m#1, and the
lemma is proved K
We can now complete the main result of this section.
THEOREM 3.6. „he homomorphism ‚1
n °
/
*
:n
1
(S)PP
2,1
is injective.
Proof. We follow basically the argument given earlier in this section for the case of
a clean loop: if /
*
(a) is trivial inP
2,1
then /
*
(a)(d
P1
)"ja ) dP1 ) ja is homotopic to dP1 in S* as
paths based at Q and this holds only if ja is homotopic to some power of dP1 as paths in S*.
But then ja , which is freely homotopic to a, is trivial in n1(S). K
COROLLARY 3.7. For 1)s)n, the homomorphism ‚s
n °
/
*
:n
1
(S)PP
2,s
is injective.
Proof. It is enough to observe that the homomorphism ‚1
s °
‚s
n °
/
*
equals ‚1
n °
/
*
; the
latter is injective by Theorem 3.6. K
COROLLARY 3.8. For any positive integer n, the pure modular groupP
2,n
contains a surface
group G
n
.
Proof. Let G
n
be the injective image of n
1
(S) under a homomorphism‚n
m °
/
*
; this works
for any m’6 with m*n using the construction detailed earlier in this section. K
4. CLOSED SURFACE FIBRATIONS
We are now ready to construct surface groups inside Mod
g
using the ramified covering
technique described in Section 1.1.
Let b
2
:P
g
(q)WMod
g
[2]PP
2,n
be the monomorphism of Proposition 1.1. We write
K
n
"b~1
2
(G
n
).
Recall that n"2r*2 is even and that g"3#r.
PROPOSITION 4.1. K
2r
is a closed surface subgroup of Mod
g
.
Proof. K
2r
is, by definition, a subgroup of Mod
g
. In order to prove that it is a closed
surface group, we only need to show that b(K
2r
) is a subgroup of finite index of G
2r
, since the
latter is known to be a surface group of genus 2.
But b (K
2r
)"G
2r
Wb(P
g
(q)WMod
g
[2]), so that it is sufficient to prove that
b(P
g
(q)WMod
g
[2]) has finite index in P
2,2r
. Since Mod
g
[2] has finite index in Mod
g
, it
follows thatP
g
(q)WMod
g
[2] has finite index in P
g
(q) and the problem is reduced to showing
that b
2
(P
g
(q)) has finite index in P
2,2r
.
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Now, the result follows immediately from two facts given in Section 1:
(1) P
g
(q) is a subgroup of finite index in the relative modular group Mod
g
(q).
(2) b
1
(Mod
g
(q)) has finite index in the group Mod
2,2r
in which P
2,2r
is a (finite index)
subgroup. K
Elementary group theory and the index formula for Euler characteristic shows that the
genus of the surface subgroup K
2r
is at most 22g~1#1. In summary, we have proved the
following result.
THEOREM 4.2. For any genus g*4, the mapping class group Mod
g
contains a closed
hyperbolic surface group as a geometrically defined subgroup.
5. POSTSCRIPT
We end with some comments and speculations.
5.1.
The technique used here does not apply for g"2,3. It appears likely that Mod
2
does not
contain any hyperbolic closed surface group, since in that case P
0,6
would also contain
a surface group and this seems to contradict the fact that the (pure) configuration spaces for
the plane are Eilenberg—MacLane K(n, 1)-spaces.
On the other hand, Mod
3
probably does contain a surface group, but a proof would
have to be of a different nature, just as construction of a complete curve inside moduli space
(see [4]) was different in genus three from the general case.
5.2.
Instead of using ramified double coverings of a genus 2 surface, one can equally use
a fixed type of ramified cover of any sort which involves nontrivial use of the chosen n-tuple
of points P
j
; the present choice was made only to ensure a simple construction valid for any
genus greater than 3. It follows that there are a large number of nonconjugate geometric
representations of surface groups in Mod
g
, when the fibre genus g is large; however, the base
surfaces involved will presumably have genus growing exponentially with g.
5.3.
With reference to the classification of surface bundles, as covered in work ([8, 9] of
Johnson, for instance, we have produced a number of examples of algebraic surface bundles
that are smoothly realisable, with a classifying operator map of injective type (Johnson’s
type III). One expects that there is a harmonic representative for the homeomorphism /:
this would make the total space of the bundle a projective algebraic surface, of the type
termed irregular by Kodaira. As a consequence, it would then follow (see [9] for back-
ground) that the rigidity theorem of Parshin applies to these manifolds:
„here are only finitely many algebraic surface bundles with given genera for the base and
fibre curves, up to projective equivalence.
This indicates that it is reasonable to expect constructions such as those given here to
produce only a finite number of complex subvarieties of a given moduli space, each having
no nontrivial infinitesimal deformations; for related results and further discussion, see [7].
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5.4.
In our construction, the monodromy images of the generating simple loops are reducible
mapping classes in the sense that they restrict to mappings of sub-surfaces bounded by the
spin loops; this property appears to hold also in the case of the surface bundles constructed
by Kodaira and Atiyah. It is still unknown whether one can produce families such that
every monodromy mapping is irreducible; this question was posed to one of us (WJH) by
L. Potyagailo, in conjunction with a discussion about whether the total space of a surface
family over a surface can admit a hyperbolic (or some other geometric) structure. That
question is also unanswered at present as far as we know.
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